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Abstract: There are many graphical representations of separation results involving time as a crucial 

parameter determining the kinetics of a process. The graphical representations of results of separation are 

usually in the form of 2D plots relating two parameters which one of them is time. Time can also be 

utilized as a complex parameter such as a process rate. The plots involving time are called kinetic curves. 

Theoretically, the number of kinetic curves is infinite. The basic process kinetic curves, relating either 

yield (or recovery) and time can be modified to obtain numerous local and global efficiency curves. The 

global efficiency kinetic curves provide characteristic constants which do not change with the time and 

yield of a process. In this paper the local and global efficiency plots were created using experimental data 

which followed the so-called first order kinetics. It was shown that the integral 1st order kinetic equation 

provided the kinetic constant k which was numerically identical with the 1st order specific rate v, while 

their units were different (k, 1/min; v, %/(%·min). The global efficiency parameters plotted versus the 

maximum yield provided another type of plot, which can be called the limits kinetic curve. The limits 

kinetic curves are very useful for characterizing, quantification and classification of separation systems. 

The limits kinetic curves can be normalized providing one universal curve with a characteristic point, for 

instance, v50 indicating the specific rate (or kinetic) constant at the maximum recovery equal to 50%. The 

mathematical equation of the normalized limits kinetic curve was given in the paper. 

Keywords: separation, flotation, kinetics, separation curve, process rate 

Introduction 

An outcome of separation depends on time of a process and numerous other 

parameters (Wills and Napier-Munn, 2006). When the time of separation is combined 

with its products quantity or quality, two basic kinetic graphical plots are obtained, 

which can be called process and component kinetic curves, respectively. The process 

kinetic curve can be drawn in a form of a component recovery to concentrate versus 

process time, when one component of the separation system is considered, as well as 
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in the form of yield versus time, when all components of the feed are taken into 

account. In turn, the component kinetic curve relates the concentrate grade versus time 

of the process. The component kinetic curve, and other possible basic kinetic curves, 

such as for instance product name versus time, are seldom used. It can be added that 

some authors call the kinetic equation, used for approximation of separation data, the 

Boltzmann transport equations or functions (Lazic and Calic, 2000) to pay tribute to 

Boltzmann input to kinetics of particles at the end of XIX century. The most common 

flotation kinetic models are: single rate constant (Polat and Chander, 2000; Kowalczuk 

et al., 2016), Dirac delta function (Lynch et al., 1981; Yianatos et al., 2010), 

rectangular (Klimpel, 1980), Kelsall (Kelsall, 1961) and gamma (Loveday, 1966).  

The basic parameters of separation processes, that is time, recovery, yield and 

grade, can be combined together to create new parameters (Drzymala, 2007). These 

parameters can be grouped into pairs containing time and plotted as kinetic efficiency 

curves in analogy to the upgrading efficiency curves, which do not use time as the 

parameter. There is an infinitive number of efficiency curves (Drzymala, 2006). The 

kinetics of separation can be local, when it changes with time, and global, when the 

efficiency is constant throughout the process. The basic and kinetic efficiency curves 

usually provide limits of separation in the form of maximum yield, grade and 

recovery. The efficiency and limit parameters can be combined, delivering the limits 

kinetic curves.  

All the mentioned curves are presented and discussed in the paper. The limits 

kinetic curves can be further modified to create other relations, for instance incentive 

kinetic curves, relating the separation efficiency and such parameters as the particle 

shape, reagent dosage, pH etc. The goal of this paper is to show how different kinetic 

curves can be created and their properties, based preferably on the process rate, 

evaluated and compared. 

Process kinetic curves 

The relationship between the yield and time of separation is called the process kinetic 

curve. This kind of plot characterizes the course of a process from the beginning to the 

end. Figure 1 shows two process kinetic curves, one for Hallimond tube 

Kupferschiefer shale flotation in the presence of hexylamine (Fig. 1a) and one for 

anthracite coal laboratory flotation in the presence of NaCl and sodium acetate (Fig. 

1b).  

The kinetic process curve does not provide explicitly additional useful information 

about the process such as efficiency and separation limits and relations between them. 

To extract these parameters from the kinetic process curve additional operations are 

needed leading to efficiency kinetic curves.  
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(a) 

 

(b) 

Fig. 1. Process kinetic curves in the form of yield versus time. (a) Kupferschiefer shale flotation in a 200 

cm3 cell, 36 cm high, Hallimond tube in the presence of hexylamine (selected data of Kudlaty, 2016), and 

(b) anthracite coal flotation in laboratory machine with 200 cm3 cell in the presence of NaCl and 82 g/dm3 

of sodium acetate (selected data of Merta and Drzymala, 2016). Manual approximation of data points 

Efficiency kinetic curves 

Local efficiency kinetic curves  

Combinations of the yield and time provide the efficiency of separation. When the 

calculated efficiency of separation changes with either time or yield of the process, 

such efficiency is local. The local efficiency can be once more combined with either 

yield or time, or both, to get still another local efficiency. In such a way unlimited 

number of efficiency parameters can be created. One, sometimes more, of the local 

efficiencies is constant, that is independent of the time and yield. Such parameter is 

called the global kinetic efficiency of a process.  

The simplest and obvious kinetic efficiency parameter, although seldom used (Bu 

et al., 2017), is the rate of the process. It has a real physical and practical meaning. It is 

a derivative of yield in respect to time. Graphically, it is the slope of the process 

kinetic curve at a given moment of separation time. The simplest way of the process 

rate calculation is approximation of the process kinetic curve with a mathematical 

equation, and next calculation of the rate by differentiation. Such calculations were 

performed for the discussed here experimental data of Kudlaty (2016) based on shale 

flotation in the presence of hexylamine. Figure 2 shows approximation of the flotation 

kinetic data with a polynomial equation and differentiation of the obtained equation 

for finding and plotting the flotation rate as a function of time. Figure 2 also shows 

that the polynomial approximation of data points at longer time of flotation, indicated 

by dashed lines, is inaccurate. Therefore, the rate of flotation in this time range is also 

inaccurate, and therefore the polynomial approximation should be used with care.  

Approximation of yield vs. time experimental data can be accomplished using 

other than polynomial equations. Very useful is a family of formulas: 

0

20

40

60

80

100

0 20 40 60

y
ie

ld
, 
g,

 %

separation  time, t, min

shale+hexylamine
[g/dm3]

0

0.05

0.10

0.20

0.25

0

20

40

60

80

100

0 20 40 60

y
ie

ld
, 
g,

 %

separation time, t, min 

5

10

15

20

coal+NaCl+82g/dm3 CH3COONa

NaCl
[g/dm3]



J. Drzymala, T. Ratajczak, P.B. Kowalczuk 

 

986 

g = g
f
[1 −

1

(1+(𝑛−1)g∞
𝑛−1𝑝𝑡)

1
1−𝑛

]     (1) 

for n1, and for n=1  

g = g
f
[1 − exp(−𝑝𝑡)]     (2) 

where gf is the final yield (last data point) of the process, while p and n are constants. 

These formulas are based on the so-called n-order kinetic equations (Gharai and 

Venugopal, 2016; Bu et al., 2017). The rate of the process, dg/dt, obtained by 

differentiation of Eqs. 1 and 2 is:  

𝑑g/𝑑𝑡 = (g
𝑓
− g)𝑛𝑝.     (3) 

Application of the n-order type kinetic equations with n=1 for approximation of the 

separation data for shale flotation with 0.1 g/dm3 hexylamine is shown in Fig. 3a, 

while Fig 3b presents the calculated rate of the process. A comparison of Figs. 2a and 

3a indicates that approximation of the considered data with n-order type for n=1 

kinetic equation is superior over the polynomial.  

 

 

(a) 

 

(b) 

Fig. 2. Approximation of a process kinetic curve with polynomial equation (a) in order to calculate, by 

differentiation, and plot the local efficiency kinetic curves as the process rate vs. process time (dγ/dt vs. t) 

(b). Hallimond tube shale flotation in the presence of 0.10 g/cm3 hexylamine (Kudlaty, 2016). Polynomial 

constants were determined as an average for all data points using statistics  

Other equations that can be used for approximation of kinetic data and calculations 

of the process rate, include very likely the hyperbolic sine function, which is used for 

evaluation of electric charge according to the Gouy-Chapman theory (Stumm and 

Morgan, 1970) and has a very similar shape to the kinetic process curves.  

There are other local efficiency plots based on the process rate and time. Figure 4 

shows two of them, that is ln (dg/dt) vs. t (Fig. 4a) and (dg/dt) /(gf-g)
2 vs. t (Fig. 4b). 
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(a) 

 

(b) 

Fig. 3. Approximation of a process kinetic curve with n-order type kinetic equation for n=1 (a) for 

calculation by differentiation and next plotting process rate dg/dt as local efficiency vs. process time t (b). 

Replotted data from Fig. 1. gf is the last experiment data point and pav was found by a trial and error 

method until visually the data points and approximation line were well aligned. Other approaches, 

including statistics and finding mean value (preferably harmonic) can also be used 

 

(a) 

 

(b) 

Fig. 4. Selected local efficiency kinetic curves based on the process rate dg/dt (a) ln (dg/dt)  

vs. t, and (b) (dg/dt)/(gf-g)
2 vs. t. Replotted data from Fig. 1 

The plots shown in Fig. 4 represent local kinetic efficiencies vs. time relations 

because both ln (dg/dt) and (dg/dt) /(gf-g)
2 change with time of the process. It should be 

noticed that the ln(dg/dt) vs. time relationship is linear. This information can be used, 

for instance, for comparison of different series of kinetic separation data.  

Another family of local efficiencies is based on different combinations of yield g 
and time t. As an example, Figure 5 shows two of them. The new local efficiency 

kinetic curves, shown in Fig. 5, do not reveal any specific information on kinetics of 

the process but there is always a chance that they can be used for special applications.  
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(a) 

 

(b) 

Fig. 5. Local kinetic efficiency curves based on different combinations of yield g and time t, (a) ln (1/g) 

vs. ln (gt), (b) g vs. gt. Replotted data from Fig. 1 

Global efficiency kinetic curves  

The local kinetic efficiency of a separation process, to be global, must be constant 

regardless of the time and yield. To find the global efficiency, different mathematical 

formulas should be tried. In this work, during the search for the local kinetic efficiency 

(Figs. 2-5), it was found that the 1st order type kinetic equation, both in integral and 

differential forms, well matched the experimental data. It suggests that the global 

kinetic efficiency for the considered separation systems is the 1st order kinetic process. 

Different experimental data can be matched by many different kinetic orders. Some of 

them were reviewed elsewhere (Arbiter and Harris., 1962; Somasundaran and Lin, 

1973; Ek, 1992; Hernainz and Calero, 2001; Brozek and Mlynarczykowska, 2007; 

Zhang et al., 2013). 

Finding the global kinetic efficiency requires to determine not only the 1st order 

kinetic constant k but also the limit of the process γmax. For this purpose either integral  

g = g
max

[1 − exp(−𝑘𝑡)]    (4)  

or differential 

𝑑g/𝑑𝑡 = (g
max

− g)𝑣      (5) 

forms of the 1st order kinetic equations can be used.  

It should be noticed that k, that is the 1st order kinetic constant in Eq. 4, and the 

specific 1st order kinetics rate (dg/dt/(gmax-g) = v in Eq. 5, are numerically identical. 

However, the unit of v is %/(%min), while the unit of k is 1/min. This is so, because 

the integral equation deals only with concentrate yield (g, gmax), while the differential 

formula takes into account amount of concentrate (g) and amount of tailing (gmax-g). To 

emphasize the fact that k and v are numerically the same, in this work the following 

notation will be used: num v = num k. The ways of the v and gmax values determination 

will be discussed in the following section of the paper. 
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Ways of determination of global efficiency and process limits  

According to numerous papers on kinetics of separation (Gharai and Venugopal, 2016; 

Bu et al., 2017), there are many different approaches to determine the global kinetic 

efficiency of a process. They are based on three elements: scattered data points, 

approximating equations, and a criterion of approximation, which is usually either 

visual matching or statistics. All approaches, as a rule, use graphs to visually check the 

outcome of approximation of the experimental data points. In fact all procedures are 

based on the trial and error method until a constant, that is global efficiency parameter, 

is obtained which fulfils the imposed criterion, which usually is the smallest 

approximation error. All the approaches are expected to provide not only the value of 

the global efficiency but also the limit of separation, in our case the ultimate 

(maximum) yield gmax. 

Plotting different local efficiency curves (Figs. 2-5) reveals that the considered in 

this work separation data can be characterized by a global efficiency when they are 

approximated with the 1st order kinetic equation, both in integral and differential 

forms.  

The approaches used to find the global efficiency and limit of the process are based 

on either linear or curvilinear approximations. An example of a curvilinear 

approximation is given in Fig. 6. In the curvilinear approach the statistical criterion is 

usually the minimum value of average squared error defined as minimum value of 

(gcalulated-gexp)
2/nexp, where nexp stands for the number of experimental data points. 

Such a procedure, or similar techniques, was applied by other authors (Li et al., 2013). 

 

Fig. 6. Curvilinear approximation of separation data to find both global kinetic efficiency and separation 

limit. Approximation with the 1st order kinetic equation (Eq. 4) with two unknowns: k=v and gmax. The 

approximation is based on statistical criterion that (gcalulated-gmeasured)
2/nexp is at minimum 

On the other hand, the goal of the linear methods of k=v and gmax determination is 

to get a straight line type relation in the efficiency plot. The direction of the straight 

line depends on the parameters used for plotting. Figure 7 shows three examples of 

such plotting. The straight line equation is a result of different possible forms of the 
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same 1st order kinetic equation. The possible linear forms of the 1st order kinetic 

equation are given in Table 1, which summarizes the calculated values of k, v andgmax 

using three linear and one curvilinear graphical methods. 

It can be concluded that when the experimental data are scattered, the results of 

global kinetic efficiency determination depend on the method of approximation. The 

curvilinear method seems to be the most accurate and fast with the minimum average 

sum of squares of the (gcalulated-gmeasured) term as a criterion. This method provides both 

k =v and gmax. The criterion used in the curvilinear approximation can be modified but 

no much improvement is expected. The presented here graphical methods are very 

useful because the outcome of approximation can be visually verified.  

In this work a separation system, which follows the 1st order kinetics is considered, 

however, a similar procedure can be applied for any other type of separation kinetics. 

 

 

(a) 

 

(b) 

 

(c) 

Fig. 7. Methods of graphical linear determination of global efficiency for the 1st order kinetics. Visual 

criterion: linear relation. g max is found by the trial and error method until the plot forms a straight line. 

The kinetic efficiency is determined from the slope of the straight line. The global kinetic efficiency is 
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Table 1. Results of v=k andgmax determination by graphical methods. For linear determination methods 

criterion is linear relation, g max is found by the trial and error method. The kinetic efficiency (either v or 

k) is determined by the slope of the straight line (numv = numk) 

Method gmax, % 
k, min-1, v, %/(%min) 

(num v = num k) 

Curvilinear approximation 

1 
g = f(t) 

g = g
max

(1 − exp(−𝑘𝑡)) 
82.4 0.096 

Linear approximation 

1 

(dg/dt)/(gmax-g) = f(t) 

(dg/dt)/(gmax-g) = v 

or -ln((gmax-g)/gmax)/t =k 

plot type y=const, slope zero 

82.9 0.094 

2 

-ln(gmax-g)/gmax)) =f(t) 

-ln((gmax-g)/gmax) =kt 

plot type y=ax, slope a = k 

83.1 0.090 

3 

dg/dt = f(gmax-g) 

dg/dt =v(gmax-g) 

plot type y=ax, slope a = v 

83.2 0.095 

Limits kinetic curves  

The specific rates and maximum (ultimate) yields gmax can be used for plotting another 

useful kinetic relation, that is the limits kinetic curves (Chipfunhu et al., 2012). Figure 

8 presents the calculated values of gmax and specific 1
st
 order rate v (numerically equal 

to 1st order kinetic constant k) for the considered here flotation data of coal and shale. 

The limits kinetic plot is a good base for classification of separation processes into 

fast-powerful, fast-powerless, slow-powerful and slow-powerless. According to such 

classification, flotation of coal in the presence of varying amount of NaCl and constant 

concentration of sodium acetate is a slow and powerless process, while flotation of 

shale in the presence of increasing amount of hexylamine is a powerful and slow 

process.  

The limits kinetic curve can also be used for characterization and comparing 

different separation processes. For this purpose it is convenient to normalize the 

specific rates taking into account the value of the specific rate corresponding to the 

ultimate yield equal to 50% (k50, v50, numk50 = numv50). The 50% reference point is 

very convenient from theoretical and mathematical point of view because it provides 

the smallest scattering of the experimental data being compared after normalization. 

However, from practical point of view the choice of yield or recovery equal to 75%, or 

even higher, as the reference point, can also be used because separation, in most cases, 

is performed to obtain as high as possible material or component removal.  
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Figure 9 presents the considered here two series of separations as well as another 

literature data. Only data which follow the first order kinetic equation were used 

because only the same type of specific rate (v) or kinetic constant (k) can be used for 

comparison. 

 
Fig. 8. Limits kinetic curves for the considered in this work separation processes  

which follow 1st order kinetics 

 

(a) 

 

(b) 

Fig. 9. (a) Limits kinetic curves, and (b) universal limits kinetic curves after normalization against kinetic 

constant for maximum yield of 50%. Note that numk50 = numv50 and numk = numv 

It can be seen from Fig. 9 that all the experimental series tend to assume a similar 

shape with the exception of the high values of maximum yield gmax, probably due to a 

kinetic border imposed by the separation device. The normalized limits kinetic curves 

seem to follow the empirical equation  

g
𝑚𝑎𝑥

= 100 exp [− (
𝑘

0.830𝑘50
)
2
]
−1

.    (6) 

where k50 is the 1st order kinetic constant (numerically equal to 1st order kinetic 

process rate v50) at maximum yield of 50%, while 0.830 is a normalization parameter 
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which makes γmax=50% at k=k50. Table 2 shows the k50values for the separation 

systems considered in Fig. 9. 

Table 2, for instance, indicates that from the kinetic point of view, flotation of 

shale in the presence of hexylamine is much less efficient than that of coal with 

di(propylene glycol) methyl ether, because the 1
st
 order kinetic constant of the first 

process at gmax 50% is 0.050 min-1, while for the latter 0.770 min-1. It should be kept in 

mind that num k50=num v50 and num k = num v, and that the unit of k is min-1, while 

that of v is %/(%min). 

Table 2. The k50 values for different separation systems. Symbols in the bracket denote the type of 

flotation device: MHT- monobubble Hallimond tube, MM- Mechanobr type laboratory machine,  

FC- flotation column, DM- Denver type laboratory machine, LFM- laboratory flotation machine,  

MFC- mechanical flotation cell. MIBC-methyl isobutyl carbinol, C4E3- tri(ethylene glycol) butyl ether, 

C1P2- di(propylene glycol) methyl ether.  

No. Separation system k50, min-1 

1 Shale/MIBC (MHT)a 0.045 

2 Shale/Hexylamine (MHT)a 0.046 

3 Shale/Hexylamine (MHT)b 0.050 

4 Shale/MIBC (FC)c 0.064 

5 Shale/C4E3 (FC)c 0.076 

6 Shale/Hexylamine (FC)c 0.076 

7 Coal/NaCl+CH3COONa (MM)d 0.100 

8 Teflon/-terpineol (DM)e 0.173 

9 Coal/oil+frother (FLM)f 0.278 

10 Quartz/KNO3+MIBC (MFC)g 0.278 

11 Coal/-terpineol (DM)h 0.597 

12 Coal/C1P2 (DM)h 0.770 

Data of: a - Szajowska et al. (2014), b - Kudlaty et al. (2016), c - Kowalczuk et al. (2015),  

d - Merta and Drzymala (2016), e - Kowalczuk and Zawala (2016), f - Kalinowski and Kaula (2013),  

g - Chipfunhu et al. (2012), h - Janicki et al. (2015) 

Conclusions 

The separation kinetic curves can be very useful not only for characterizing separation 

processes but also for their classification as well as comparison of different separation 

results. Since there is theoretically infinitive number of separation kinetic curves, the 

most useful should be properly named and classified. Basing on literature kinetic data, 

the local and global efficiency of the process as well as limits kinetic curves were 

presented and discussed. The importance of process rate and specific process rates 

representing real and measurable process parameters, in contrast to numerous kinetic 

constants, were emphasized. 
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